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Abstract. We pay two debts from [Sh:576]. The main demands little knowledge 

f'f~\ , from [Sh:576], just quoting a model theoretic consequence of the weak diamond. We 

assume that .S has amalgamation in A, and that the minimal types are not dense to 

get many non-isomorphic models in A+ . For this also pcf considerations are relevant. 

Q ') ' The minor debt was the use in one point of [Sh:576] of A ^ Nq, it is minor as for 

"1 ^ this case by [Sh:88] we "usually" know more. 
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2 SAHARON SHELAH 

In [Sh 576] there was one point where we used as assumption I{X^'^,K) = 0. 
This was fine for the purpose there, but is unsuitable in our present framework: 
we want to analyze what occurs in higher cardinals, so our main aim here is to 
eliminate its use and add to our knowledge on non-structure. 

The point was "the minimal triples in Kf^ are dense" ([Sh 576], 3. 17). For this we 
assume we have a counterexample, and try to build many nonisomorphic models; 
hence we get cases of amalgamation which are necessarily unique. So we try to 
build many models in A^ by omitting "types" over models of size A, in a specific 
way where unique amalgamation holds. If this argument fails, we prove C]^ ^ has 

weak A+-coding and by it get 2 non-isomorphic models except when the weak 
diamond ideal on A+ is A++-saturated and use pcf to get the full result. We work 
also to get large IE (many models no one < ^-embedding to another). 

There was also another point left in [Sh 576, 4.2], for the case A = Hq only this 
is filled in the end. 

A third point we needed to prove in [Sh 576] was [Sh 576, Th.6.5], see notation 
there: K^"'' = ^ I{X++,K) = 2^+^ (assuming 2" < 2^^ < 2^++, etc. we just 
prove /(A++,iir) > /Xwd(A+)). This holds as the context of [Sh 576] is included in 
our context (A-good^). 

We assume here some knowledge of [Sh 576, §2]. 

1.1 Context. 

(a) K abstract elementary class LS{R) < A 

(b) ^ has amalgamation in A. 



1.2 Definition. 1) For x e {a, d} we say C/Q5(Mo, Mi, Ma.Mg) if: 

(a) Mi eKxfoT e<3 

(b) Mo <siMi ioT e= 1,2 

(c) if for i e {1,2} we have M} e Kx, for £ < 4 and M* <^ M] <^ M* for 
i = 1, 2, £ = 1, 2 and [x = d => Af ^ n M| = M^] and f} is an isomorphism 
from Mi onto M; for £ < 3 and /^ C /{, /^ C /| then there are M!^, /g such 
that M^ <fi Mg and /g is a <j^-embedding of M^ into Mg extending 



if? ° (A^)-') U (/I o (/j)-i) i.e. /a o /I = /2 & /g o fi = f, 

[d) Mo <si Me <si Mg e Kx for £=1,2 

(e) X = d ^ Ml n Ma = Mq. 

2) We say UQl{Mo, Mi, M2) if UQl{Mo, Mi, M2, Mg) for some Mg. 

3) If we omit x, we mean x — a. 

4) K-^'*"^ is the family of triple (M, N, a) G Kf^ such that there is no minimal triple 
above it. 

5) kI^* is the family {(M, N) : for some a, (M, TV, a) e kI'* . 

6) 5,(M) = {pe S{M): for some (M, N, a) e X^'* we have p = tp(a, M, N)}. 
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1.3 Claim. 1) Symmetry: assuming x G {a, rf} we have UQ^{Mo, Mi, M2, M^) =4> 
UQl{Mo,M2,Mi,M3); we can also omit M3. 

2) UQ1(Mo,Mi,M2) ^ UQf{Mo,Mi,M2) recalling Mq is an amalgamation base 
(in Ax). 

3) UQliMo, Ml, M2, Ms) r[[ clauses (a), (b), (d), (e) oj Definition 1.2(1), (2) holds 
and also {c)~ , i.e. clause (c) restricted to the case M} = M^ for t < 3. 

4) IfUQl{Mo,Mi,M2,M3),M3 <si M^ e Kx then UQliMo,Mi, M2, M^,); and 
also the inverse: if UQ^Mo, Mi,M2,M^) and Mi U M2 C M3 <^ M;^ then 
UQliMo,Mi,M2,M3). 

5) Assume {M,N,a) G K^ and no triple above it is minimal then -^UQ{M,N,N). 

Proof. 1),2) Trivial. 

3) Cliasing arrows, we should prove clause (c) of Definition 1.2(1). Assume we are 
given {Ml : i < 4),(M| : £ < 4), (/; : £ < 3) as there for i = 1,2. First for 
i ^ 1,2 apply clause (c)" to (M; : £ < A), {f} : £ < 3). So there are 7V|,/i such 
that: MJ <^ N^ e Kx, and /| a <^-embedding of M3 into 7V| extending /{ U /^. 
As R has amalgamation in A (by 1.1(b)) there are N G Kx and <^-embeddings 
g'- : N''- ^ N such that g^ o f^ = 9^ o fi, so we are done. 

4) Again by the amalgamation i.e. 1.1(b). 

5) By [Sh 576, 2.6(1)]. Di.a 

1.4 Claim. 1) transitivity: If UQx{Mi, Ni, Mi+i,Ng+i) for ^ = 0, 1 then 
UQx{Mo,No,M2,N2). 

2) If 9 ~ cf{6) < X^ , and {Mi : i < 0) is <si-increasing continuous and {Ni : i < 9) 
is <fi-increasing and UQx{Mi, Ni, M^+i, A^i+i) for each i < 9 then 
UQx{Mo,No,Mg,Ns). 

3) Assume: 

(a) q;,/3 < A+ 

(&) Mi J G Kx for i < a,j < a 

(c) ii<i2<a k ji<J2<l3^ M,,,j, <^ M,,j, 

{d) {Mij : i < a) is <j^- increasing continuous for each j < j3 

(e) (Mij- : j < P) is <fi-increasing continuous for each i < a 

if) C/Qa(M,j, M,+i,j-, M,j+i, M,+ij+i). 

Then UQx{Mo,o, M„,o, Mo^i3, M^jj). 

4) If UQl{Mo,Mi,M2) and Mq <^ M{ <^ Mi and Mq <j? M^ <^ M2 then 
UQx{Mo,M[,M^). 

Proof. Chasing arrows (note: UQ — UQ"" is easier than UQ'^, for UQ'^ the parallel 
claim is not clear at this point, e.g. seemingly transitivity fails). ni.4 

1.5 Definition. 1) Tx[M\ = {(M,r) : M e Kx,T C Kx, \T\ < A and 

iV G r ^ Af <j^ N}. 
2) We define relations on Tx[A]: 
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(a) (Mi,ri)<„(A^2,r2)iff 

(a) Mi<siM2 

(b) ft, is a partial function from r2 onto Fi 

(c) if h{N2) = Ni then C/Oa(Mi, iVi, M2, N2). 

(/?) (Ml, Ti) <'' (M2, r2) iff /i is a one to one function from Ti to r2 such that 

(Mi,r2)<„-i (M2,r2) 
(7) (Mi,ri) <;:j (M2,r2) iff (Mi,ri) <h, (M2,r2),(Mi,r2) <>"- (M2,r2) and 

/ii o ^2 = idpi • 

3) We write <h (or <'* or <JjJ) if in addition Mi 7^ M2 moreover^ (Mi, M2) £ kI'* . 

4) (Mi,ri) < (M2,r2) means: 

(a) {N\Me : N e F^) are pairwise disjoint non-empty (and {Mi,Te) e TxlM]) 
ioT £= 1,2 

(b) for every TVi G Ti there is exactly one N2 £ r2 such that (A^i\Mi) n 
(7V2\M2) 7^ (so (Mi,ri) < (Mi,ri) just means clause (a) and we call 
(Mi,ri) disjoint) 

(c) (Mi,ri) <'' (M2,r2) when /i : Ti ^ Ta is defined by: h{Ni) ^ N2 ^ 
(iVi\Mi) n (iV2\M2) ^ 0. 

5) Let Tf-'[Si] = {(M,r) e Tx[Si] : {M,T) < (M,r)}. 

Remark. 1) Of course, except for bookkeeping only the isomorphic type of the 
A^ G r over M matters. 

2) In 1.6(2) below, if the continuity is not demanded, the result may be that hi^s is 
not onto Ti. So we may use <^^. 

3) Note that we can use 1.6(3) and not 1.6(2). 

1.6 Claim. 1) //(Mi,ri) <,,, (M2,r2) <h, (M3,r3) then 

(Mi,ri)<,,,oft, (M3,r3). 

2) If S < A+ is a limit ordinal, for i < j < S,{Mi,Ti) <^^'^ {Mj,Tj) and the 
hi J commute, and for limit a < S, (Fq,, {hi^a '■ i < a)) is the (direct) limit of 
{Ti,hi_j : i < j < a) then we can find (M^jF^) and {hi_s : i < 6) such that 
(Mi,Fi) <hi s {Ms,Ts) and Ms — I J M^ and (F5, (ft.i.5 : i < S)) is the limit of 

{Ti,hi^j :i<j<d). 

3) (73v[.ft], <) is a partial order in which any increasing sequence of length < A^ has 
a luh (= the natural limit). (Actually, only T^^^[^ matters.) 

Proof. 1) The main point is the use of 1.4(1). 

2) In addition to chasing arrows we use 1.4(2) (or 1.4(3) for j3 — 1). 

3) Reformulation of 1), 2). Di.e 



^notc that: if there is no minimal triple in ii"? then every a S M2\M2 is as required so the 
moreover is not necessary 
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1.7 Claim. Assume 2^ < 2^ or at least the definitional"^ weak diamond;i.e. 
DfWD+{X+), see [Sh 576, 1.7]. If (*)a or at least (*)^ helow holds (hence above 
some triple from K\ there is no minimal one), then /(A+, K) > 2^ where 

(*)a for every (M, F) G T\[^] .for some h,M',T' we have 

(M, r) < (M',r') (without loss of generality h is onto T' ) or just 

{*)\ for some (Mo, To) £ Tx[R], if {Mo,To) <''" (M,r) then for some h,M',r' 
we have (M, T) <'' (M',r'). 



Proof. We choose by induction on a < A, ((M^, F^, r+) : 77 G "2} such that: 

(a) M^ G Kx has universe 7^ < A+ 

(b) (M^^Tr,) e Tx[Si] 

(c) (M^,r,,) is disjoint (see 1.5(4)(b)) and N eV,,^ iN\M,,) n A+ = 

(d) i^<i,j^{M„,r,)<{M„,r,,) 

(e) (M^,r+) G TA[il] is disjoint (see 1.5(4)(b)) and 

iv G r+ ^ {N\M^) n A+ = 
(/) r, c r+ 
(3) (M^,r+)<(M^^(o>,r^-(o)) 

(h) for some N G r+ we have N =m,, M,,-<i> 

(i) (M^, M^-^i^) G -^i^A*' ^^^^ i^ ^'-"' some a G Af^-^i^ we have (M^, M^-^^^, a) G 
ii'^ and above it there is no minimal triple from K'^. 

There is no problem to carry the induction with r+ (77 G "2) chosen in the 
{a + l)-th step. For a = let (Af<>,F<>) be the (MojFo) from {*)'^ except that 
we rename the elements to make the relevant parts of clauses (a), (c) true. For 
a limit use 1.6(3) (part on lub). For a = (3 + \,r] G ^2, by (*)^ we can find 
(M^^(i),F„-<i)) such that (M^^(i),F^-<i)) G Tx[Si],(M^,T^) < (M^^(i),F„-<i)). So 
by the Definition 1.5(3) of <, for some a G M^-^i)\M^, no triple in Kf^ above 
(Mri, Mjj-Hy, a) is minimal. By renaming without loss of generality the universe of 
M^-^i^ is some 7j,-^i)(g (7,,,A+)) and clause (c) holds. Let N^j be isomorphic to 

Af^-(i) over M^ with universe disjoint to A+ U M | A^|\7^ and let F+ = F^ U {N,^}, 

so (M^,F+) G Tx[ii] is disjoint, now apply to it {*)\ to get (M^-^(o),r,,-(o))- Why 

does clause (h) hold? By the choice of A'^^. So M^,F^,F+ {rj E ^ 2) are defined. 

Note: if ?7"(0}<iJ^ G ^ ^2, then M^-<i> is not <j^-embeddable into M^ over M^ (by 
clause (g) + (h) because by 1.3(5) and clause (i) we have -^UQ{M^,M.fj-i^iyN^)). 
By [Sh 576, 1.4] we get the desired conclusion (really also on IE). Di.r 

1.8 Claim. An equivalent condition for {*)x or just {*)'x of 1.7 is (respectively): 

{**)x for every M <fi N from Kx for some M' , M <fi M' G Kx and 
UQxiM,M',N) & {M,M')eKl'* 



^wc could make the relation on (Af^-zp) , r^-/Qx), (M^-z^n , F^-ziO symmetric 
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or just 
(**)';^ for some Ma G Kx if Mq <m M <ji N e Kx then for some M' , 
M <siM' e Kx and UQx{M, M' , N) & (M, M') e K^* . 

Proof. For any (M, F) G "TAi-^], by "^ has amalgamatioii in A" (and properties of 
abstract elementary classes) there are N* , (/at : A^ G F) such that: 

(a) M <^ TV* G Kx 

(b) for A^ G F, /at is a <j^-embedding of N into N* over M. 

This shows {**)x =^ (*)a and also (**)^ ^ (*)a- 
The other direction are by applying (*)x (or (*)^) to (M, {A^}). Di.s 

1.9 Claim. Assume 



(a) (**)a of 1.8 fails 

(6) M eKx^ \S*iM)\ > A+ (7o?/ows /rom "afeowe (M, iV, a) G X^ i/iere 



IS 710 minimal triple" +2^ > X'^ ) 



(c) X is categorical in X 

(d) K is categorical in A^ 

(e) 2^ <2^+ <2^++. 



\++ 



Then I(X'^^,K) = 2"*^ ^ except possibly when 

(*) PFDm/(i(A+) is X'^^ -saturated (normal ideal on A+j. 

Proof. We rely on [Sh 576, §3]. By (a) (and (c)) for every M G Kx for some N = 
N[M] we have M <j^ TV G Kx and without loss of generality even {M,N) £ K '* 



^2.* 



A 



and (M, M') G K^* ^ -^UQiM, M', N), of course, using A^' where A^ <j? A^' G Kx 
will do too as R has amalgamation in A. 

Let C = Cj^+[J?], see [Sh 576, Definition 3.3]. So there is (M* : i < X+) such 
that(M;,M*,i)-(M*,Ar[M;]). 

Now for {Mi : i < A+) G Seg^+[C], by clause (b) there is p* G 5, (Mo) not 
realized in M Mi hence Mi <k M' G Kx & (some a G M' realizes p) => 

{M,M') G K^'*; for a club of i's, for some j G (i, A+) we have, by 1.4(4) as K is 
categorical in A+: 

(a) for some <j^-embedding fi of A^[m'] into Mj,fi maps M* onto Mi so by 

assumption (a) 
(/3) M, <fi M' e Kx & some a G M' realizes p* => -^UQx{M„ Mj,M'). 

From this it follows that for some A+-amalgamation function F, F has the weak 
A+-coding property for C (see [Sh 576, 3.8(2)] hence the weaker version, too. Hence 
by [Sh 576, 3.12], if WDmId(A+) is not A++-saturated then I{X++,K) = 2^^^. 

□l.9 
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1.10 Remark. 1) We can get more abstract results. 

2) Note -'(*)a of 1.9 is a "light" assumption, in fact, e.g. its negation has high 

consistency strength. 



The following will provide us a useful division into cases (it is from pcf theory; on 
Mwd(A) see [Sh 576, 1.1]), we can replace A"*" by regular A such that 2^ = 2<'^ < 2'^ 
for some 9). 

1.11 Fact. Assume 2^ < 2^^. 

Then one of the following cases occurs: 

{A)\ we can find /i such that letting x* = 2^ 
(a) A+ < ^ < 2-^ and d{^i) = A+ 

(/3) pp{n) = X*, moreover pp'^{fi) = (x*)^ and x* > 2'^ 
(7) (V/i')(cf(A*') < A+ < ^' < ^ ^ pp{p') < m) hence 
cf(M') < A+ < yu' < ,u =^ PPx+{^J.') < M 

(5) for every regular cardinal x in the interval (/i, x*] there is an increasing 
sequence (Ai : i < A+) of regular cardinals > A"*" with limit fi such 

thatx= tcf [ H X^/4i\ 

(e) for some regular k < A, for any fi' < fi there is a tree T with < A 
nodes, k levels and |LimK(r)| > ^' (in fact e.g. k = MinJK : 2" > /z} 
is appropriate; without loss of generality T C "^^A; we can get, of 
course, a tree T with cf(K) levels, < A nodes and |Limcf(K)(T)| > fi'). 

{B)\ for some n,x* we have: clauses (a) — (e) from above (so 2^ < x*) and 

(C) there is (T^ : C < X*) such that: T<; C ^^>2 a tree, of cardinality < A+ 
and 2^^ = (J Lim;,+ (Tf) and x* < 2^^ 
C<x* 
(77) 2^ < X* < Mwd(A+, 2^) (but < ,(iwd(A+, 2^) not used here, see 
[Sh 576, Definition f.l(5)]) 

(6) for some C < X* we have Lim;,+ (T<;) ^ WDmTId(A+) 

(t) if there is a normal A++-saturated ideal on A+, e.g. the ideal WDmId(A+) 

is, then 2^^ = A++ (so as 2^ < 2-^^, necessarily 2^ = A+) 
(k) cov(x*, A++, A++, Ki) — X*, equivalently x* = 
sup{pp(x) : X < 2^, Ki < cf(x) < A+ < x} by 
[Sh:g, Ch.II,5.4] 

(C)a letting x* = 2^ we have (C) (except "x* < 2-^^"), (77), (0), (t), (k) of clause 
(B) and 

(A) for no /i G (A+,2'^] do we have cf(/i) < A+,pp(/i) > 2^ equivalently 
cf([2^]^^,C) = 2^ hence /U„d(A+,2^) = 2^^ except (maybe) when 
A < X and there is ^ C [ij,^d{\+ ,2^)]^ such that A y^ B e A ^ 
\Ar\B\ =Ho. 
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Remark. Remember that 



cov(x, II, 9, a) — x+ Min{ \V\ :V C [x]^^ and every member of 

[x]^ is included in the union of < o" members oi V\. 



Proof. This is related to [Sh:g, 11,5.11]; we assume basic knowledge of pcf (or a readi- 
ness to believe). Note that if 2^ > A+ thencf([2^]^^^, C) = 2^ ^ cov(2^, A++, A++, Hq 
2^ andcov(2^,A++,A++,Ho) > cov(2^, A++, A++, 61) = 2^ for 61 e [Ho,A]. 



Possibihty 1 : X* =■ cov(2^, A++, A++, Hi) = 2^. 

We shall show that case (C) holds. 
Now by the definition of cov, clause {() is obvious, as well as (k). As on the one 

hand by [Sh:f, AP,1.16 + 1.19] we have (Ai^d(A+, 2^))^" = 2^^ > 2^ == X* and 
on the other hand (x*)^" = (2^)^" = 2^ = x* necessarily x* < /x»d(A+,2^) so 
clause (77) follows; now clause {0) follows from clause (C) as WDmTId(A+) is (2"^)+- 
complete by [Sh 576, 1.2(5)] and we have chosen x* = 2^. Now if 2^^ > A++, (so 
2^ > A+'^), then for some ( < x*, ^c ^^ (^ tree with < A+ nodes, A+ levels and) at 
least A+'' A+-branches which is well known (see e.g. [J]) to imply "no normal ideal 
on A+ is A++-saturated" ; so we got clause (t). As for (A) the definition of x* and 
the assumption x* — '^^ we have the first two phrases, as for fiwdi^^ , 2^) = 2^ by 
[Sh:f, 1.14 + 1.16] there is A as mentioned in (A)? and by [Sh 460] we get A < X. 
The "equivalently" holds as (2^)^" = 2^. 



Possibihty 2 : x* == cov(2^, A++, A++, Hi) > 2^. 

Let ^ = Min{/x : cf(/i) < A+, A+ < ^ < 2^ and pp(/i) = x*}, we know by [Sh:g, 
11,5.4] that ^ exists and (by [Sh:g, 11,2.3(2)]) clause (7) holds, also 2^ < pp(m) < 
^cf(^) j^gQ(2g cf(/i) = A+. So clauses (a), (/?), (7) hold (moreover, for clause (/?) use 
[Sh:g, Ch.II,5.4(2)]), and by (7) + [Sh:g, VIII,§1] also clause (S) holds. 

For clause (e) let T = Min{T : 2^ > fi}, clearly a < T ^ 2l"l < ^u and T < A 
(as 2^ > n) hence cf(T) < T < A < A+ = cf(/z) hence 2<^ < ^. Now we shall first 
prove 

(*) there"^ is a tree with A+ nodes, cf(T) levels and > /iT-branches 

why? otherwise we shall get contradiction to the claim 1.13 below with 
a,K,9o,0i,iJ,,x there standing for cf(T), A+, A"*", 2<^,^, (2'^)+ here and T* 
defined below; let us check the conditions there: 



■^thc less easy point is when cf(T) = Xqi otherwise we can get the conclusion differently (by 

[Sh:g, 11,5.4]), so 1.11(A) suffice 



FEW NON-MINIMAL TYPES AND NON-STRUCTURE 9 

Clause (a) : It says cf(T) < A+ = cf(/i) < A+ < 2<^ < /i which is readily checked 
except the inequality A+ < 2^^ but if it fails we immediately get more than re- 
quired. 

Clause (b) : This is clause (7) of (A) which we have proved. 

Clause (c) : The tree T* is (^^2, o) restricted to an unbounded set of levels of order 
type cf(T). 

Clause (d) : Let 6*2 =: cov(2<t, A++, A++, cf(T)+). 

So the statement we have to prove is pp{n) > X = cf(x) > 02 ■ Now pp(/i) > x 
holds by the choice of /i and x — cf(x) as x = (2'^)^. For the last inequality, by 
[Sh:g, Ch.II,5.4] and the choice of ji, as we have shown 2^^ < /i we know 62 < /i, 
but A* < 2^ so ef^'^ < (2^)^f(Tf) < (2^)^ < (2^)^ = 2^ < X. 

So we have verified clauses (a) — (d) of 1.13 hence its conclusion holds, but this 
gives (*), i.e. the desired conclusion in clause {e) of Case A in 1.11; well not exactly, 
it gives only |r*| < A+, so T* = M Ti,Ti increases continuously with each Ti of 

i<A+ 

cardinality < A, so for every ^' < ^ for some i we have |Limgf(x)(ri)| > m', so we 
have clauses (a) — (e) there. 

Subpossibility 2a : x* < 2^^. 

We shall prove {B)\, so we are left with proving (^) — (k) when x* < 2'*' . By 
the choice of x*, easily clause (C) (in Case B of 1.11) holds. In clause (77), "2'^ < x*" 
holds as we are in possibility 2. 

Also as pp(/i) = X* by the choice of /i necessarily (by transitivity of pcf, i.e. [Sh:g, 
Ch.II,2.3(2)]) cf(x*) > A+ but M > A+. Easily x < X*A cf(x) < A+ ^ pp(x) < X* 
hence cov(x*, A"'""'', A++, Ki) = x* by [Sh:g, Ch.II,5.4], which gives clause (k), so 
as (A"*")^" < 2'^ < X* certainly there is no family of > x* subsets of x* each of 
cardinality A+ with pairwise finite intersections, hence (by [Sh:b, Ch.XIV,§l] or see 
[Sh 576, 1.2(1)] or [Sh:f, AP,1.16]) we have x* < Mu.d(A+,2^) thus completing the 
proof of (77). 

Now clause (6) follows by (C) + (ry) by [Sh 576, 1.2(5)]. Also if 2^^ =^ A++ then 
2A+ > ^+3 go ^y (^ig^^gg (^Q (g^g ^* ^ 2^^), for some C, |Lim;^+(T<;)| > X+^, which is 
well known to imply no normal ideal on A"*" is A"'"+-saturated; i.e. clause (t). So we 
have proved that case (-B)a holds. 

Subpossibility 2b : x* = 2^*. 

We have proved that case (^)a holds, as we already defined /i and x* and proved 

(a), (/?), (7), (S), (e) we are done. 

Still we depend on 1.13 below which in turn depends on 1.12. 
1.12 Claim. Assume 

(a) a < K= cfiij.) < 6*0 < 6*1 < ^ < 6*5^ 

(b) (Vm')[^o < Ai' < M & cfiii') <K^ pp{p') < m] 

(c) 02 ^ Oi + cov{9i, 9q , K'^ , a^) (by clause (b) and [Sh:g, Ch.II,5.4] we know 
that it is < fi) 

(d) pp{p) > X = c/(x) > e-2 (> 91 > ^l). 
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Then 0^ > fi. 

Remark. In fact 9^ > cov{ei,9^, k+,2). 

Proof. Assume toward contradiction 6q < fi. By [Sh:g, Ch. II, 2. 3(2)] and clause 
(b) of the assumption we have sup{pp(/i') '. 0^ < ^' < Oq and cf(/i') <«}</! 
hence by [Sh:g, Ch.II,5.4] it foUows that k* ==: cov(6'o, 0^, «;+, cr+) < ^. We can 
by assumption (b) + (d) and [Sh:g, Ch.II,3.5] + [Sh:g, Ch.VIII,§l] find T C «^^ a 
tree with < /i nodes, jLim^lT')! > X: (if X — PP(/^)i th^ supremum in the definition 
of pp(/i) is obtained by [Sh:g, 11,5.4(2)]). Moreover, by the construction there is 
S C LimK(r), |S| = X such that S' C S & |S'| > x ^ !{?? t a : a < k, ry G S'}| == 
jjL. By renaming (and also by the construction), without loss of generality 

® if ?7o~(q;o) 7^ ?7i'(cKi) belongs to T then ctg 7^ Q^i. 

So let rji G LimK(T) for i < % be pairwise distinct, listing S. 

As /i < 6*^ there is a sequence i^ — {Fg : e < a) satisfying: Fg a function from /i to 

6*1 such that a < /? < ^ =^ (3e < 9)F^{a) ^ F^{I3). 

Let Wi.e = {F^{rii{a)) : a < k}, so Wi^^ G [^i]*^- By assumption (c) we have 
6*2 = 6*1 + cov{9i,9+,K+,a+) so there is P C [6'i]^«,6'2 = |P| such that: any 
w G [^1]'' is included in a union of < cr members of V. So we can find AT^^^.^ G V 
for ( < a such that w^.e C I J Xi_g^(^. So I J w^.e C Yi =: I J ATie^^;. Let 

■P* = { IJ ATe : A'e G "P for e < cr}, so P* is a family of < |'P|'" < 9^ sets and 

i<X^VlG7'*. 

For each F G "P* let 

Zy = {a < M : (Ve < (T)(i^^(a) g Y)} 

clearly Y = Yi ^ Rang(?7i) C Zy, also |y| < ^0 hence \Zy\ < 9q < ^ hence there 
is a family Qy of cardinality k* —: cov{9q,9q , K~'^,a^) < /i whose members are 
subsets of Zy each of cardinality < ^o such that any X G [Zy]-'^ is included in 
the union of < cr of them. For each Y € V* and W ^ Qy let T{^ ^ {-q e T : 
for some a < k we have: a + 1 — ig{ri) and ri{a) G W} and Tw = {»7 G T^ : 
{3iy){r]<iyeTw)}. 

So by ® above we have: T{^, hence Tw is a set of < |VK| + k < ^o nodes in T, 
^-downward closed. Also 



(*) I U Qy\ ^ 1^*1 >< sup |Zy| 

< 6*^ X k'" < 6*^ + cov(0^, 6I+, 6I+, cr+) < 1^. 



However, for every i < x,Yi E P* and Rang(?7i) G [li]-** so for some 
W G Qy., (B^a < K)[r],{a) C Wi] hence rj, G LimK(rn/). 

By assumption (a) and (*) above for some WE I J Zy we have 

Yev 

{i < X : »7i e LimK(ru/)}| = X- 
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T]y is (essentially) a tree and contradict the choice of S = {rji : i < x}- 

(We could have instead using k* , Qy to iixYi^Y as \V*\ < X — cf(x).) □1.12 

1.13 Claim. Assume 

(a) a < k:^ cfip.) < Oq < 9i < ^ 

(b) (ifi'M < Ai' < M & cfin') <K^ pp{p') < m] 

(c) T* is a tree with < 61 nodes, a levels and > fi a -branches 

(d) pp(p) > X = cf(x) > 02 where 02 = cov{0i,6^ , k+ ,(t+). 

Then for some subtree Y C_ T* ,\Y\ < 0o and \Lim^(Y)\ > fi (enough > 11' for any 
given /i' < /ij. 

Proof Let T, S = {rji : i < %} be as in the proof of the previous claim. Let 

{i^c; : C < m} list M distinct a-branches of T* (see clause (c)). Without loss of 

generality the set of nodes of T* is 0i . Choose for each e < a the function F^ : ^j, ^ 

01 by ^^(7) = v^{s). Define w^^e,'P,X,^eX^^iy'P*^ ^y as in the proof of 1.12. But 
for Y E V* we change the choice of Zy , first 

Y' — {(3 < 9i : for some a <E Y, we have /3 <t* a} 

So \Y'\ <cr+ |r| and let 

Zy^{a<^l:(ye< a){F,{a) e Y')}. 

We continue as in the proof of 1.12. CIli.is, CIli.ii 

1.14 Remark. 1) We could have used in 1.12, 1.13, 

02 ~ cov{0Q, 0Q ,K^,K^) instead cov{0q,0q ,K'^,a^) and similarly in the proof of 
1.11. 

2) We can also play with assumption (b) as 1.12, 1.13. 

It may be useful to note 

1.15 Fact. If T C -^ >2 is a tree, |r| < A+ and A > ll^j then for every regular 
K <'3i^ large enough, we can find (Ys : S < A+,cf((5) = k), \Ys\ < A such that: 

for every rj G Lim_)j+ (T) for a club of 5 < A+ we have 
d{6) = K^r] \ S eYs. 

1.16 Fact. Assume ^ is an abstract elementary class with amalgamation in A, and 
above (M, TV, a) £ K^ there is no minimal pair. 

1) Assume T is a tree with 5 < X^ levels and < A nodes. Then we can find 
(M*,iV^,a) G Kl above {M,N,a) for r/ e h\m.s{T) such that tp(a, M*,iV^) for 
77 G 'Lmis{T) are pairwise distinct. We can add "{M*, Njj,a) is reduced". 

2) If M G Kx is universal then S{M) > sup{Lim5(T) : T a tree with < A nodes 
and 6 levels}. 
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Proof. 1) Straight (or sec the proof of 1.20(1)). 

2) As for any N G Kx there is a model N' <^ M isomorphic to N, nowp i-^ p \ N' is 
a function from 5(M) onto S{N') by [Sh 576, §2] hence \S{M)\ > \S{N')\ = \S{N)\. 
Now use part (1). Dlig 

Recall from [Sh 576, 3.13(3)]. 

1.17 Claim. 1) Assume 

(a) 2^ < 2^ and Case A or B of Fact 1.11 holds for fi, x* (or just the conclu- 
sion there) 

(b) ^ is an abstract elementary class with LS{A) < A 

(c) i^A+ 7^ 

(d) R has amalgamation in A 

(e) in K\, the minimal triples are not dense. 

Then 

(*)i for any regular X f^ /^ ™6 have: 
(*)i there is M e Kx, \S{M)\ > x- 

2) If in part (1) we strengthen clause (d) to (d)^ , then we get {*)^ where: 
(d)^ R has amalgamation in A and a universal member in A 

(*)i" for some M G Kx we have |iS(A'/)| > /x. 

3) Assume (a), (b), (c), (e) of part (1) and (d)^ of part (2) then : 
(*)2 I{\+,K) > X* and if {2^)+ < x* then IE{X+ ,Si) > x* ■ 

4) If in clause (a) of part (1) we restrict ourselves to Case A of 1.11, then 
X* — 2^ so in part (3) we get 

(*)+ I{\+,K) = 2^+ and (2^)+ < 2^^ => IE{X+,K) > 2^+. 

1.18 Remark. 1) We can restrict clause (b) to Kx, interpreting in (c) + (e), Kx+ as 
{ M Mi : Mi € Kx} is <j?-increasing (strictly and) continuous, but see §0, mainly 

?, 

2) Part (3) of 1.17 is like [Sh:g, Ch.II,4.10E], Kojman Shelah [KjSh 409, §2]. 

3) We can apply this to A+ standing for A . 

4) We can state the part of (A) of 1.11 used (and can replace 2^ by smaller 
cardinals). 

5) We can replace A^ by a weakly inaccessible cardinal with suitable changes. 

Proof. 1) Note that /i is singular (as by clause (a) of (A) of 1.11, cf(/i) = A+ < /i). 
By 1.16(1) it suffices for each /i' < /i to have (5 < A+ and a tree with < A nodes 
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and > ^' (5-branchcs. They exist by clause (e) of (A) of 1.11. 

2) Similarly using 1.16(2). 

3) So assume M* e Kx and S{M*) has cardinality > ^u, let p,, G S{M*) for ry e Z 
be pairwise distinct, \Z\ > fi and let M* <j^ N^ G K\,prf ~ tp(a^, M*, iV^). 
Now for every X S [Z]'^ , as .ft has amalgamation in A there is Mx £ Kx+ such that 
M* <fi Mx and r] € X => N* is embeddable into Mx over M* (hence p^ is realized 
in Mx). Let r[X] = {77 e Z : p,, is realized in Mx}- So X C Y[X] e [Z]^^, so 
{y[X] : X e [Z]^^ } is a cofinal subset of [Z]^^, hence 



\{iMx,c)ceM'/^:Xe[Z]^ }| > 

|{r[x]:Xe[z]^+}|> cf([z]^^c)> 

As 2^ < X* also \{Mx/ =: X e [Z]^^}\ > x* (clear or see [Sh:a, Ch.VIII,1.2] 
because ||Mx|| = A+, ||M*|| = A and (A+)-^ < ^) but I{X+,K) is > than the former. 

Lastly we shall prove (2^)+ < 2^ ^ IE{\^,K) > x* (so the reader may skip 
this, sufficing himself with the estimate on /(A"*", K)). 

For each X e [fi]^ , let Fx = {/ : / a <^ -embedding of M* into Mx}, and for 
feFx let 



2x.f — {Xi G [Z]^ : there is a <j^ -embedding of M^i into Mx extending /}, 

and let Sx.j = {p e S{M*) : f{p) is rcahzed in Mx}, so Zxj Q {Xi : Xi C Sxj} 
and |5x,/| < A+. 

Now the result follows from the the fact 1.19 below. 
4) Should be clear from the proof of part (3). 

1.19 Fact : Assume: 

(a) cf(,u) < K < /J,, pPk(/u) = X*, moreover pp+(,u) = (x*)^ and k+ < < x* 

(6) F is a function, with domain [jj]'^, such that: for a E [/i]'',F(a) is a family 
of < 6* members of [fj]'^ 

(c) _F is a function with domain [/i]** such that 

a e [m]'" ^aC F{a) G F(a). 



Then we can find pairwise distinct a^ G [fj]'^ for i < x* such that X ~ {ai : i < x} 
is (F, F)-independcnt which means 

(*)f,f,i iia^bkaeJkbel&^ce F(a) ^ -(F(6) C c). 
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Remark. 1) Similar to Hajnal's free subset theorem [Ha61]. Without loss of gener- 
ality F{a) = F{h). No loss in assuming F{a) = a. 

2) Note that we can let F{a) = a. 

3) Note that if A = cf([/i]'*', C) then for some F as in the Fact 

(*) if fli G [/i]*^ for i < X^ are pairwise distinct then no pair {ai^aj} is (F,_F)- 
independent 

[why? let PC [^Y be cofinal (under C) of cardinality A, and let F be such 
that 

F(a) C {6 e [fxf : a C K and 6 e T'}; 
clearly there is such F. Now clearly 

(*)i if a ^ 6 are from [^x^ and F(a) n F(6) ^ then {a, h] is not (F, F)- 
independent. 

Also if /ii < /i, cf(/ii) <K<K + 0</xi and ppK(/ii) <? then by 
[Sh:g, Ch.II,2.3] the Fact for /^i implies the one for fi.] 



Proof. We can define g : [fj]-'^ -^ [fj]'^,F',F' as follows: 

g{a) = {k + a : a E a} U {a : a < k} 

F'{a) = {{a: K + aeb} -.be F'{g{a))} 

F{a) ^ {a: K + ae F{g{a))}. 

Now F, F are as above only replacing everywhere [/i]*^ by [k]", and if Z = {ai : i < 
x} ^ [m]"*^ with no repetitions satisfying {*)f',f'j then T' = {g{ai) : i < x} is 
with no repetitions and (*)_f,f,i'- 

So we conclude that we can replace [/i]-** by [/i]'"' where a is chosen below, i.e. we 
can replace k by |o|. 

Without loss of generality k++ < 6. 

Assume 9 < x= cf(na/ J) where a C ^ n Reg\K+, |a| < k, sup(a) — /i, J^"^ C J 
and for simplicity x = max pcf(o) so as explained above without loss of generality 
a| < K and let / — {fa : a < %) be a sequence of members of Ha, <j-increasing, 
and cofinal in (Ha, <,/), so, of course, x ^ X* ■ Without loss of generality fair) > 
sup(a n r) for r G o. Also for every a G [^J]'^, define fa G Ho by fair) = sup(a n t) 
for T G o so for some C(a) < X ^^ have /„ <j f(;(a) (as (/„ : a < x) is cofinal in 
(Ho, <j)). So for each a G [fi]'^, as |F(a)| < 6 < x= cf(x) clearly ^(a) = sup{C(6) : 
b G F(a)} is < X, and clearly (V6 G F(a))[/b <., /^(„)]. So 
C = {7 < X : for every /3 < 7, ^(k U Rang /^) < 7} is a club of x- 

For each a < Xi R-ang(/Q) U k G [/i]**, hence F(Rang(/c) U k) has cardinality 
< 6, but 9 < X ~ cf(x) hence for some ^i < 9; we have ^i > k++ and x == 
sup{a < X • |F(Rang(/Q,) U k)| < 9i}, so without loss of generality a < x ^ 9i > 
|F(Rang(/„)UK)|. 

As K+ < 9i, there is a stationary S 'Z {S < 9^ : ci{S) = k+} which is in /[^j'"], 
by [Sh 420, §1] and let {di : i < 9^) witness it, so otp{di) < K^,di C i, [j E di ^ 
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dj = diOi] and i G 5 => J = sup(di), and for simplicity: for every club E of 6^ for 
stationarily many 6 e S we have (Va G ds)[{3P S i?)(sup(a H ds) < (3 < a)], exists 
by [Sh 420, §1]. Now try to choose by induction on i < 9^ , a triple {gi, ai, Wi) such 
that: 

(a) gi G Ha 

(6) j <i^ gj <j gi 

(c) (Vr G a)(sup5j(T) < g.^r)) 



(d) ai < X, tti > sup((J 



j<i 

(e) j < i ^ aj < ai 

(/) 5* <./ fat 

(g) /3 G y Wj ^ C(/3) <a^ k fi3 <j g^ 

(h) Wi is a maximal subset of {ai,x) satisfying 

{*) P e Wi & ^ e Wi k (3^1 k a e F{k U Rang(/^)) ^ 
-(F(Rang /^) C a) 

or just 

(*)+ (3 ew^ & 7GWj & /3^7 & aG F(k U Rangifp)) ^ 
{r G a : /^(r) G a} G J. 

[note that really 
(X) if w C (ai,x) satisfies (*)^ then it satisfies (*) 

why? let us check (*), so let /? G ^,7 G uij/S ^ 7 and a G F(Rang(/^)); 
by (*)+ we know that o' = {r G a : /^(t) G a} G J, J is a proper 
ideal on o clearly for some r G a we have r ^ a', hence /^(t) ^ a 
but /^(t) G Rang(/^) C i^(Rang(/^)) hence /^(t) G F(Rang(/^))\a so 
-i(i^(Rang(/^) C a), as required.] 

We claim that we cannot carry the induction because if we succeed, then as cf(x) = 
X > 6* > ^J^ there is a such that M ai < a < x and let F(k U Rang(/Q)) — 

i<0+ 

{a^ : C < ^1} (possible as 1 < |F(k U Rang(/a))| < 6*1). Now for each i < 0^, by 
the choice of Wi clearly Wi U {a} does not satisfy the demand in clause (ft,), so as 
/3 € Wi ^ ^(/3) < ai+i < a, necessarily for some f3i G Wi and d < 0i we have 



a, == {r G a: /^(t) G a^} ^ J. 



[why use the ideal? In order to show that b^ ^ 0-] Now ci{9^) = 6^ > 9i, 
for some C(*) < 9^ we have A ~ {i : d ~ ({*)} is unbounded in 9^. Hence 
E ~ {a < 9^ : a a limit ordinal and AD a is unbounded in a} is a club of 9^ . So 
for some 5 G S we have d — sup(j4 n 5), moreover if dg = {a^ : e < k+} (increasing) 
then (V£)[-En (supctij, a^) 7^ 0] hence we can find i{S,e) G {snp aQ,a^) Ci A for each 

e < K.+ . 

Clearly for each e < k+ 
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be = {t ea: gi(s,e){T) < /a,,,.,, (r) < /ft(,_^) (r) 

< 9iis,e)+i < /a,(5,e)+i('^) < /"(t)} = a mod J 

hence fag n 0^(5.^) ^ 0. Moreover, be fl 0^(5,^) ^ J. Now for each t G o let e(T) be 
sup{e < K+ : T e be n Oij^e)} ^^^d let e(*) = sup{£(t) : t G o and £(t) < k+} so 
as |a| < K clearly e{*) < k+. Let r* e be(*)+i ^ cii((5,£(*)+i): so _B = {e < k+ : 
T* e be n ai(^,e)} is unbounded in k+, (/^.^^^ ^^ (t*) : e G _B) is strictly increasing 
(see clause (c) above and the choice of be) and e <E B ^ /ft(ie) ('''*) "^^ '^C(*) (^^ 
the definition of ai(^s,e): ^ud C(*) as Ci((5.e) = C(*))- We get contradiction to a G 
F(kU Rang(/a)) ^'\a\ < k. 

So really we cannot carry the induction so we are stuck at some i. If « == 0, or 
i limit, or « = j + 1 & supwj < x we can find gi and then ai and then Wi as 
required. So necessarily i = j + 1, sup(wj) = x- Now if x = X*: then this Wj is as 
required in the fact. As pp+(/i) = (x*)^j the only case we cannot have is when x* 
is singular. Let x* — sup Xe ^^d Xe ^ (MjX*)'"! R-Cg is (strictly) increasing with 

e< cf(x*) 

£. By [Sh:g, Ch.II,§l] we can find, for each e < cf(x*), ae, Je, ./^ = (/„ : a < Xe) 
as above, but in addition 

(*) /^ is /x^-free i.e. for every u G [Xe]^ there is (b^ : a G u) such that ba £ Je 
and for each r G tte, (/„(''■) : a satisfies : r ^ ba) is strictly increasing. 

So for every a G [jiY a-ud e < cf(x*) we have 

{a < Xe : {''" G fle : fa{T) G a} ^ Jej has cardinality < k. 

Hence for each a G [/i]" 

{(£,a) : £ < cf(x*) and a < Xe and {r G ae : faiT) G a} ^ ^e} 

has cardinality < k + cf(x*) ~ cf(x*) as for singular fi > k > cf(/x) we have 
cf(ppK(^) > K. 

Define: X = {(e, a) : e < cf(x*),Q: < Xe} 

F'((e, a)) = {(e',a') :(£',«') G X\{{e,a)} and for some 

d G F(k U Rang(/^)) we have {t G ae : /^'(r) G d} ^ Je'} 

so F'((£, a)) is a subset of X of cardinality < cf(x*)+ +0 < x*- 

So by Hajnal's free subset theorem we finish (we could alternatively, for x* 
singular, have imitated his proof). Di.iT, Di.ig 
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1.20 Claim. 1) Assume 

(a) 2^ < 2^ < 2^ and case B or C of Fact 1.11 for \ occurs 
(so X* 1 Tq are determined) 

(b) R is an abstract elementary class LS{R) < A 

(c) K^++ ^ 0, 

(d) R has amalgamation in A and in A+ 

(e) in K^, the minimal triples are not dense. 

Then 

(a) for each C < X* for some M G Kx+ we have |iS*(M)| > \Limx+(T(^)\ 
(the tree from clause (C) of 1.11). 

2) If K satisfies (a)-(e) and is categorical in X^ or just has a universal member in 
A+, then for some M G Kx+ we have |5,(M)| = 2^^. 

3) Ifif)^, then I{X++,K) > 2^^^ where 

(/)+ R is categorical in A and A+. 

4) Assume (a)-(e) of part (1) then C]^ ^ hos weaker X-coding (if we have restricted 
to {M,N,a) in Definition ofC). 

Remark. Note that for 1.21 wc do not use 1.20. 

Proof. 1) Let ( < x* ■ Let 

T^ = I J T^ where T^ are pairwise disjoint in a, each T^ has cardinahty < A, 

a<A+ 

^0 = {<>} and 77 G Ti & /? < £g{7^) ^ ry f /? G |J T^^ and 

^ e ri ^ /\ f]^{£) G tI^+^ so T^^c+i - {v'{e) : 77 G ri and £ < 2}. For tj G T^,d 

a hmit ordinal, necessarily both tg(q) and q;(77) = sup{7 : for some e < ig(q),ri \ 
e G T^} are limit ordinals < 5. 

Let (M, N,a) E K\ be such that there is no minimal triple above it. 
We now choose by induction on a < A^, (M^, M^, iV^ : 77 G T^) such that: 

(a) (M^, iV^, a) G K\ and is reduced if 77 G T"^, a non- limit 
(6) (MoSiV^>,a) = (M,iV,a) 

(c) 7/ G TJ, ?7 G Ti, 1/ <l ?7, /3 < a ^ {MJ^,N$, a) < (M^, N<,a) in the order of 

(d) if (5 is a limit ordinal then: Af| = (J M^ 

/3<<5 

(e) if (5 is a limit ordinal and rj £Tg then 

Kin) = U Kw hence (M„(,), iV^«, a) G X^ 
p<s 
(/) if77GTi thentp(a,M„+i,iV^-<o>)7^ tp(a, M„+i, iV^-<i>) 
(5) Mi ^ Mi^,. 
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There is no problem to carry the definition. Let M^ ~ 11 M^ G Kx+ , and for 

a<A+ 

each 1/ e Lim^+(r^) let Nf^ = (J N^^^, clearly M^ <^ iV5 and a e N* and 

a<A+ 

(tp(a, M^, iV5) : ly £ Lim;!^+(T^)) are pairwise distinct members oi S{Mq). This 
proves clause (a) of part (1). 

2) This part follows by 1.16(2). 

3) Now 1.11 also applies to (A"*", A+"'") in place of (A, A+), so if for this case, clause 
{A)x+ holds then by (/)"'' we get that 1.17(4) applies (with (/)"*" providing assump- 
tion (d)+ there) hence we get /(A++, K) = 2^ , so we can assume {C)x+ V (-B)a+ 
occurs. 

Now if WDmId(A+) is not A++-saturated we get the desired result as follows: 
by 1.9 if -i(**) of 1.8 holds and by 1.7 we get a contradiction to I{\^,K) = 1; if 
(*)a (or (*)^) of 1.7 holds, but by 1.8 one of the cases applies. 
But as we are in case {B)\ or {C)\ (see (a) of 1.20(1)) by clause (i) of 1.11 we have 
2^ = A+,2'^ = A++. However, once we know 2^ — A+ we deduce that there is a 
model in A+ saturated over A so Claim [Sh 576, 3.16] applies. 

4) Left to the reader as not used. □1.20 

1.21 Claim. Assume 

(a) 2^ < 2^+ < 2^+^ 

(b) K is categorical in A, A^ 

(c) 1<I{\++,K)<2^*^. 

Then above every {M*,N* ,a) £ K^ there is a minimal triple. 

Proof. Assume toward contradiction that above (M *, A''*, a) € Kf there is no min- 
imal type. If 2'^ = A"*", then there is a M G Kx+ saturated over A hence we finish 
by [Sh 576, 3. 16, At], possibihty (*)2. So we can assume 2^ > A+, hence [Sh 430, 
6.3] (with A"*" here for A there so /i there is < A so (5 < A+ hence |T| < |(5| < A 
and let k = cf((5)) there are k < A and* tree T with < A nodes and k levels with 
|LimK(T)| > A+ hence for some M e A'a,|'5*(M)| > A+ (e.g. by the proof of 
1.20(1)). If WDmId(A+) is not A++-saturated then in 1.9 assumption (b) holds, 
and assumptions (c) -I- (d) + (e) holds by the assumptions of the present claim 
but not the conclusion, so (a) fails, that is (**)a of 1.8 holds hence by 1.8, (*)a 
of 1.7 holds. But now 1.7 contradicts clause (b) of the assumption, so we have to 
assume that WDmId(A"'") is A+^-saturated. Hence clause (i) of 1.11, Case B does 
not occur, hence Cases B,C of 1.11 do not occur and hence Case A occurs. So by 
1.17(3) we get a contradiction to categoricity in A+. 



□1, 
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"if K = Min{(T : 2" > A+}, so if 2<'' < A then ('^>2, A) is okay, otherwise '^>2 
M Ti, \Ti\ < X,Ti increasing with i so for some i, |{»; G "^2 : /\ i] \ a e Ti}\ > A+ 
i<A+ Q,<CT 
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1.22 Claim. We can prove [Sh 576, 4.2] also for A = Hq. 

Proof. Wc ask: 

Question 1 : are there M <^ N in K\ sucli that for no a G N\M is tp(a, M, N) 

minimal? 

If the answer is yes, we can find (M/ : i < X'^) a representation of a model 
Afi G Kx+ such that: a e Ml_^^\Ml => tp(a, M/, M/^^) is not minimal. This 
implies a G M^\Ml => tp(a, -M/,M^) is not minimal (as for some j G [»,A+) 
we have o G MJ_^_^\MJ so (M^ ,MJ_^_^,a) < {Mj ,MJ_^_^,a) and the latter is not 
minimal). But we can build another representation {Mf : i < A"*") of M^ G Kx+ 
such that for each z < A+ for some a G MjY]^\M/, tp(a, M/, M/^j^) is minimal (as 
there is a minimal triple). So M^ ^ M^. 

So we assume the answer is no. 

Question 2 : If M e Kx,T <Z Tlj =: {p G S{M) : p minimal} and |r| < A, is there 
N such that: M <si N e Kx and N omit every p G T? 

If the answer to question 2 is yes, we can build (M^ : rj E ^ 2) as in the proof 
of 1.7 (more exactly r] <iv ^ M^i <si M^, M^ G Kx) and we also have F^ C {p : 
for some N <^ M^, A^ G Kx and p G 5(Af) is minimal not realized in M^} have 
cardinality < A, 77 o j^ => F^ C F^ and there is p G F^-<i> realized in M^-<o> 
(and if you like also p' G F^-<o> realized in M^-<i>). So by [Sh 576, 1.6] we get 
/(A+,if) = 2^. So assume the answer is no and for every M G Kx let Tm be a 
counterexample. Let (M/ : i < X'^), representing a model M^ G iir;j+ be such that 
i < A"*" Sz p ^ Fm; => P realizes in M. Now as in the proof of saturated = model 
homogeneous (sec [Sh 576, 0.21]) we can prove M^ is saturated. But this proves 
more than required: |5(M/)| < A+. 01.22 
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